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(Dated: July 9, 2019)
We obtain a novel exact analytical solution to Einstein-Maxwell-scalar gravity with negative
cosmological constant in (2+1)-dimensions. The scalar field is minimally coupled to gravity and
electromagnetism by the metric ansatz. On the one hand, we first find analytical results for the real
part of quasinormal mode spectrum of a rotating hairy Ban˜ados-Teitelboim-Zanelli (BTZ) black hole
by solving the associated Dirac equation through the pseudo-Hermitian quantum mechanical tools
within the framework of discrete-basis-set method. We then show that, in the spinless case, these
quasinormal modes (QNMs) have equally spaced with respect to the related azimuthal quantum
number, while the spinning BTZ black hole with scalar hair has Dirac-like unequally spaced discrete
one. Moreover, the analytical results for these QNMs found here are in excellent agreement with
those found in the literature for hairless BTZ black holes. On the other hand, we also develop an
analogue model for this hairy Banados-Teitelboim-Zanelli black hole in graphene, by mapping it
onto the hyperbolic pseudosphere surface with negative curvature. The model not only offers to
make some predictions for the gravity-like phenomena in a curved graphene sheet but also paves the
way for reproducing black hole thermodynamics scenarios in two-dimensional topological insulators.
PACS numbers: 04.62.+v, 72.80.Vp,04.70.Dy
I. INTRODUCTION
After the discovery of Banados-Teitelboim-Zanelli
(BTZ)1 black hole, gravity in 2+1 dimensional space-
time not only provide a new window for a deeper un-
derstanding of higher dimensional gravities but also of-
fers different perspectives to realize table top experi-
ments in 2D condensed matter systems2,3, particularly,
HawkingUnruh phenomenon4–7 in graphene8–13(See for
a review Ref. (14)).
In the context of 2+1 dimensional gravity, there is a
large literature on quasinormal modes and associated fre-
quencies for 3D spinless BTZ model15–23. Despite these
efforts, there is still need a self consistent theory for the
quasinormal modes of hairy BTZ black hole. It should
also be remembered that all the studies made so far in the
case of hairless BTZ black holes are concerned with the
spinless and hairless BTZ black holes and thus achiev-
ing quasinormal mode spectrum for the hairy BTZ black
hole is still a challenging problem itself.
In our recent work24, we find quasinormal modes of
BTZ black hole and proposed a variational approach
to the solutions for the associated Dirac Hamiltonian
of graphene pseudo-particles in BTZ black hole back-
ground. The approach introduced is an attempt to ad-
dress how the complicated aspects of (2+1)-dimensional
gravity can be simulated in a Beltrami trumpet shaped
graphene. Beltrami trumpet is a two-dimensional surface
whose metric is conformally equivalent to the BTZ black
hole solution of (2+1)-dimensional Einstein gravity with
a negative cosmological constant, Λ = −1/l2. In other
words, the out of horizon part of the BTZ metric can
be embedded into three dimensional space, and hence
it is conformally related to the Beltrami trumpet sur-
face. Since the massless Dirac equation has also confor-
mal symmetry, the conformal equivalnece of BTZ black
hole and Beltrami trumpet metrics result with Dirac par-
ticles moving on gravitational backgrounds. This means
that the properties of Dirac pseudo-particles on the Bel-
trami trumpet shaped graphene sheet can be used to ob-
tain a physical realization of these particles moving on
the BTZ black hole background.
In this paper, we suggest a model in which the cou-
pling to Einstein-Maxwell scalar gravity with negative
cosmological constant is taken into account. To do this
we first write the associated Dirac Hamiltonian from the
considerations of conformal relevances of BTZ metric in
the presence of electromagnetic vector potential and Bel-
trami trumpet metric. Then, to cope with the non-
Hermitian character of the resultant Hamiltonian we use
pseudo-Hermitian quantum mechanical tools. Finally, we
introduce a discrete-basis-set method to obtain its solu-
tions to avoid from variational collapse due to the exis-
tence of both positive and negative eigenstates of Dirac
Hamiltonian. Therefore, we obtain not only exact an-
alytical results for the real part of quasinormal mode
spectrum of a rotating hairy BTZ black hole but also con-
struct its an analogue model in a curved graphene sheet
which allows to make some predictions for the gravity-
like phenomena.
II. THEORY
The charged BTZ black hole solution of the 3D Ein-
stein gravity with negative cosmological constant is given
by the axially symmetric metric
ds2 = −∆(r)dt2 +∆−1(r)dr2 + r2 (dφ− w(r)dt)2 (1)
2with the lapse function ∆(r) and the angular shift w(r)
∆(r) = −M
(
1 +
2B
3r
)
+
r2
l2
+
(3r + 2B)
2
J2
36r4
and
w(r) =
(3r + 2B)J
6r3
.
Here, M , J and B are integration constants associ-
ated with asymptotic invariance under time displace-
ments (mass), rotational invariance (angular momentum)
and free parameter characterizing the scalar field, respec-
tively, and l is the cosmological length that is related to
the negative cosmological constant Λ by l =
√−Λ.
Since the static metric can be conformally rescaled up
to a conformal factor ∆(r), it is easy to show that its
scaled ultra static part is conformal to the axisymmetric
optical Zermelo metric,
gij =
 −1 + r2w2(r)/∆(r) 0 −r2w(r)0 1/∆2(r) 0
0 0 r2/∆(r)

with its inverse
gij =
 −1 0 −w(r)0 ∆2(r) 0
−w(r) 0 −w2(r) + ∆(r)/r2

It can be mapped onto Beltrami trumpet surface with
constant negative curvature. This conformal relation
allows one to study the effects of horizons on low en-
ergy excitations of massless Dirac fermions on a curved
graphene sheet by considering the associated massless
Dirac equation subjected to externally applied electric
field and gravito-magnetic field in the BTZ metric back-
ground. The resultant Dirac equation in the optical BTZ
black hole background can be written as[
σ1
(
∆
∂
∂r
− M
2r
+
J2
4r3
)
+ σ3
im
r
∆1/2
−σ2
(
−ǫ+m J
2r2
)
− J
4r2
∆1/2
]
ψ(r) = 0,
(2)
where σi are the Pauli spin matrices, and axial symmetry
in stationary picture is taken into account by choosing
the wave function Ψ = ψ(r)e−iǫt+imφ with m is the
azimutal angular quantum number.
In general, the associated Hamiltonian describing the
dynamics of spin 1/2 particles in a gravitational back-
ground such as in Eq. (2) has no hermiticity. Fortunately,
it is shown very recently that, the hermiticity problem of
Hamiltonians corresponding to a spin 1/2 particle in an
axially symmetric stationary gravitational background
can be handled by using the pseudo-Hermitian quantum
mechanical tools25,26. If one finds an invertible opera-
tor ρ satisfying the Parker weight operator relationship
TABLE I. Components of Hνǫ;α.
ǫ α ν 0 1 2
0 0 − r
2
w(r)w(r)′
2∆(r)
0
1 0 0 1
2∆(r)
√
∆(r)
G(r) 0
2 − rw
2∆
F (r) 0 − r
2∆(r)
H(r)
0 − r
2
w(r)w′(r)
2∆(r)
0 − r
2
w
′(r)
2∆(r)
1 1 − rw
′(r)
2
√
∆(r)
0 0
2 0 0 0
0 0 r
2
w
′(r)
2∆(r)
0
1 2 0 − 2∆−r∆(r)
′
2∆(r)
√
∆(r)
0
2 − r
2∆(r)
H(r) 0 − r(−2∆(r)+r∆(r)
′)
2∆(r)
ρ = η†η, then it is easy to find a Hermitian Hamiltonian
such as Hη = ηHη−1 = H†η whose spectrum coincides
with those of H. The Hermitian Hamiltonian can be
written in terms of metric components gab together with
the determinant of the metric g as follows
Hη = H0 − i
4(−g00) γ˜
0γ˜k
[
∂ ln(−g)
∂xk
+
∂ ln(−g00)
∂xk
]
+
i
4
[
∂ ln(−g)
∂t
+
∂ ln(−g00)
∂t
]
(3)
with
H0 = i
(−g00) γ˜
0γ˜k
∂
∂xk
− iΦ˜0 + i
(−g00) γ˜
0γ˜kΦ˜k
where
γ˜α = H˜αβ γ
β (4)
Φ˜α = −1
4
H˜
ǫ
µH˜νǫ;αS˜
µν (5)
are curved space gamma matrices and transformed
bispinor connectivity, respectively, together with S˜µν =
1
2
(γ˜µγ˜ν − γ˜ν γ˜µ), and xk, t are the coordinates. In
Eqs.(3-5), γ˜α are determined in terms of Dirac matri-
ces with local indices γα through the transformed tetrad
vectors H˜αβ in Schwinger gauge, and they are also re-
lated to the Dirac matrices with global indices γα through
Schwinger functions of the corresponding metric by γα =
Hαβ γ
β. Here, the indices take values from 0 to 2, and
semicolon denotes the covariant derivative which is writ-
ten as
Hνǫ;α =
∂Hνǫ
∂xα
− ΓλναHλǫ (6)
where Hλǫ = gλµH
µ
ǫ . Γ
λ
να denotes the connection coeffi-
cients. So, the calculated components of Eq. (6) are pre-
sented in Table 1. Thus, by using the components of the
3Zermelo metric conformally related to Eq. (1), one finds
the components of the transformed bispinor connectivity
given by Eq. (5) as
Φ˜0 =
1
8
r2ω(r)ω′(r)
(
γ0γ2 − γ2γ0)
+
(
−1
8
rω′(r)
√
∆(r) − 1
4
ω(r)
√
∆(r)
+
1
8
rω(r)∆(r)′
√
∆(r)
∆(r)
)(
γ1γ2 − γ2γ1)
Φ˜1 =
rω′(r)
√
∆(r)
4∆(r)
(
γ0γ1 − γ1γ0)
Φ˜2 = −1
8
r2ω′(r)
(
γ0γ2 − γ2γ0) (7)
+
(
1
4
√
∆(r) − 1
8
r
√
∆(r)∆(r)′
∆(r)
)(
γ1γ2 − γ2γ1) .
Therefore, by replacing Eq. (7) back into Eq. (3), the
Hermitian Dirac Hamiltonian corresponding to the BTZ
black hole background can be found as
Hη = iσ2
[
∆(r)
∂
∂r
+
∆(r)′
2
]
+mω(r)
−σ1m
√
∆(r)
r
− σ3 rω
′(r)
√
∆(r)
2
, (8)
which yields the energy eigenvalues of Dirac pseudoparti-
cles on a Beltrami trumpet shaped graphene. In Eqs.(7)
and (8), the prime shows the derivative of the lapse func-
tion with respect to r and within the framework of 3D
relativistic field theory, the Hamiltonian was written in
units of h¯c, where c is the velocity of light that will
be replaced by the Fermi velocity vF in graphene. It
is well-known that the conventional Rayleigh-Ritz vari-
ational method can not be directly applied to the Dirac
equation, due to the absence of both upper and lower
bounds of the associated Dirac Hamiltonian. The Dirac
Hamiltonians are not bounded from below so that spuri-
ous roots may appear due to variational instability. This
is the second obstacle that one faces when dealing with
Dirac Hamiltonians. To overcome this difficulty, Drake
and Goldman27 have firstly proposed a discrete-basis-set
method to eliminate the spurious roots. This variational
procedure is based on defining a two component radial
spinor as a trial function of the form
|Φ〉 = g(r)
(
a
b
)
(9)
where a and b are variational parameters, and g(r) is an
arbitrary continuous function satisfying the conditions∫∞
0
g2(r)dr = 1 and limr→∞ g(r) = 0. We now introduce
an ansatz for the normalized basis function to get an
approximation to the ground-state of the system as
g(r) = 2(
√
Ml)−3/2re−r/
√
Ml
which satisfies the necessary constraints to avoid the spu-
rious roots. Thus, the associated eigenvalue equation
stands for the condition (Hη − ǫ)|Φ〉 = 0 where ǫ is the
energy relative to h¯c and it is real
ǫ =
〈Φ|Hη|Φ〉
〈Φ|Φ〉
and this gives
ǫ
(
a2 + b2
)
=
1
2
mJP (a2 + b2)+1
4
JQ (a2 − b2)+2abmR.
Using this condition, and the variation with respect to a
and b, we obtain
2ǫa = amJP + 1
2
aJQ+ 2bmR
2ǫb = bmJP − 1
2
bJQ+ 2amR. (10)
The resulting set of linear equations can be self-
consistently solved if and only if the corresponding two-
dimensional characteristic determinant is set to be equal
to zero∣∣∣∣ 2ǫ−mJP − J2Q −2mR−2mR 2ǫ−mJP + J
2
Q
∣∣∣∣ = 0. (11)
Finally, we find eigenvalues of Hη in the form
ǫ =
1
2
mJP ± 1
4
√
J2Q2 + 16m2R2 (12)
where P , Q and R are defined as integrals
P =
∫ ∞
r+
ω(r)g2(r)dr
Q =
∫ ∞
r+
rω′(r)
√
∆(r)g2(r)dr
and
R =
∫ ∞
r+
g2(r)
r
√
∆(r)dr.
Here, r+ is the event horizon of the hairy BTZ black hole
and can be found from the zeros of lapse function ∆(r),
i.e., from the hexic equation in the form of
36r6 − 36r4 − 24B˜r3 + 9J¯2r2 + 12B˜J¯2r − 4B˜2J¯2 = 0
which exactly gives the well-known result
r¯+ =
r+√
Ml
=
1√
2
[
1 +
√
1− J¯2
]1/2
in the hairless case. In Eq.(12), upon the choice of M
and J values, following four special cases of the hairy
BTZ black hole can easily be found:
(i) For the vacuum state (M = 0, J = 0), Eq.(12)
reduces to
ǫ = ±m
l
(13)
4which is exactly equals to that found in the hairless case.
Here + and − signs refer to left and right QNMs, respec-
tively.
(ii) For the static black hole (M 6= 0, J = 0) Eq.(12)
gives
ǫ = ±m
l
∫ ∞
r¯+
r¯2e−2r¯
√
r¯2 − (1 + 2B¯
3r¯
)dr (14)
where the quantities r, r+ and B are made dimensionless
by dividing with
√
Mℓ, i.e., r¯, r¯+ and B¯ respectively.
(iii) For the case M = −1, J = 0 which is recognized
as anti-de Sitter (AdS) spacetime, Eq. (13) gives
ǫ = ±m
l
∫ ∞
r¯+
r¯2e−2r¯
√
r¯2 + (1 +
2B¯
3r¯
)dr. (15)
(iv) For the extremal BTZ black hole (M 6= 0, J = Ml)
Eq. (12) becomes
ǫ =
2
l
[
m (I1)±
√
M (I2)2 +m2 (I3)2
]
(16)
The dimensionless integrals I1, I2 and I3 are given by
I1 =
∫ ∞
r¯+
dr¯e−2r¯(1 +
2B¯
3r¯
),
I2 =
∫ ∞
r¯+
dr¯e−2r¯(1 +
B¯
r¯
)
×
[
−1 + r¯2 + 1
4r¯2
− 2¯B
3r¯
+
4B¯2 + 6r¯B¯
36r¯4
]1/2
,
I3 =
∫ ∞
r¯+
dr¯r¯ e−2r
×
[
−1 + r¯2 + 1
4r¯2
− 2¯B
3r¯
+
4B¯2 + 6r¯B¯
36r¯4
]1/2
,
respectively. Here, it should be mentioned that energy
eigenvalues Eq.(13-14) for the spinless and hairless BTZ
black hole are similar to those found for the real part of
quasinormal frequencies in Refs. (17, 18, 21–23). In each
of the first three cases, Eqs.(13-15) leads to a sequence
of different ground-state energies depending on the az-
imuthal quantum number. They are equally spaced be-
low and above the Dirac point, m = 0. In the latter case,
i.e., extreme black hole case, in Eq.(16) there appears a
gap which is equal to 2
√
MI2/l together with Dirac-like
unequally spaced discrete spectrum.
In the context of graphene, by using the graphene
units, Eq. (12) can be rewritten in terms of external elec-
tric and magnetic fields together with a gap term as fol-
lows
E = emΦm(J¯ , B¯, )±
√
∆2(J¯ , B¯) +m2(h¯ωH)2, (17)
where
Φm(J¯ , B¯) =
4J¯
δ
∫ ∞
r¯+
3r¯ + 2B¯
r¯
e−2r¯dr(V),
∆(J¯ , B¯) =
4J¯
δ2
Q¯(r¯+, J¯ , B¯) (meV), (18)
and frequency ωH =
√
2vF /lH is the cyclotron frequency
in the relativistic case such that energy has magnetic field
dependence with
H =
4H0
δ2
R¯2(r¯+, J¯ , B¯)(T) (19)
where H0 = 3, 26 × 104T for graphene. In Eqs.(18) and
(19) , while δ denotes the ratio of cosmological length to
the lattice parameter of graphene and J¯ = J/
√
Ml is the
dimensionless spin that changes in the interval between
0 and 1. The dimensionless integrals Q¯ and R¯ are given
by
Q¯(r¯+, J¯ , B¯) =
∫ ∞
r¯+
dr¯e−2r¯
r¯ + B¯
r¯
×
[
r¯2 −
(
1 +
2
3
B¯
r¯
)
+
1
36
J¯2
r¯4
(
3r¯ + 2B¯
)2]1/2
,
R¯(r¯+, J¯ , B¯) =
∫ ∞
r¯+
r¯dr¯e−2r
×
[
r¯2 −
(
1 +
2
3
B¯
r¯
)
+
1
36
J¯2
r¯4
(
3r¯ + 2B¯
)2]1/2
,
respectively. In writing the gap term in Eq. (18), as
a first approximation in order to be able to write the
relevant BTZ quantities in terms of graphene parame-
ters even for non-zero angular momentum, we take an
Ansatz 24,28
√
M = 1/δ where δ = ℓ/a is the ratio of the
cosmological length to the C-C bond length in graphene.
Therefore, instead of making a Beltrami trumpet shaped
graphene to observe Hawking-Unruh radiation, we model
it with position dependent electric and magnetic fields to-
gether with a position dependent mass-like term in a flat
graphene sheet.
In FIG.(1), we plot the dimensionless spin dependence
of the resulting mass-like term, i.e., half gap for different
values of l¯ which are chosen as to be compatible with
those in Ref.[24], and for various of B¯ = 100/
√
Mℓ. It is
easy to see from the figure that the resulting gap can be
controlled via dimensionless spin. Note that the cut-off
function appearing in integrals of Eqs.(18) and (19) is an
implicit function of dimensionless spin J¯ whose domain
lies between 0 and 1. This implies that J¯ is a function of
r¯+ whose range should lie between 1 and 1/
√
2.
III. CONCLUSIONS
This paper reports for the first time a comprehen-
sive study of QNMs of both spinning and spinless hairy
BTZ black holes by using pseudo-Hermitian quantum
mechanical tools within the discrete-basis-set variational
method, and proposes an experimental table-top setup
allowing one to construct an analogy between gravity and
condensed matter physics. Therefore, our findings are
two-fold. First, the analytical results we obtained for the
spinning hairy BTZ black hole do cover the well-known
5δ=1
δ = 10
4
δ = 10
6
δ=1 0
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1
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J
(m
e
V
)
r+
(μ
K
)
(a)
FIG. 1. Dependence of the half band gap as a function of
the black hole spin for four different values of δ with B¯ = 0
(dotted lines) and with B¯ = 100/
√
Mℓ (solid lines).
results for the hairless24 and the non-rotating hairless
ones17,19,21–23, and thus they are fully consistent with
those found in the literature. Here, it is important to
note that our results for the real part of QNMs of hairless
BTZ black hole obtained an analytical scheme proposed
here are fully consistent with those found by Cardaso et
al17 and Birmingham et al19 even though they used dif-
ferent physical approaches to calculate QNMs of hairless
BTZ black hole. While Cardaso et al calculated the as-
sociated QNMs by solving a wave equation for the scalar,
electromagnetic and Weyl fields which all propogate in a
spacetime with a BTZ metric, Birmingham et al found
them by conformal field theory arguments. This consis-
tency indicates the universal character of the real part
of these QNMs and their equally spaced spectrum, and
thus these QNMs can be used to test the results found
for more sophisticated situations such as hairy BTZ black
hole context.
Additionally, due to the conformal relation between
the metric of the BTZ black hole and the low energy ex-
citations of Dirac pseudo-particles in a Beltrami shaped
graphene, our model developed here allows us to propose
an experimental scheme to observe Hawking-like effect in
a graphene sheet in the presence of uniform magnetic and
electric fields together with a gap opening term. Conse-
quently, we showed theoretically that different electrical
and magnetic field profiles induce different hairy black
hole regimes, and they can be used experimentally to
mimic quantum properties of a 3D BTZ black hole in a
laboratuary. Finally, our conclusions could be extented
to realize the same effect in 2D topological insulators,
whose bulk is insulating while its edge is metallic, pro-
vided that, in δ which denotes the ratio of cosmological
length to penetration depth length of the helical edge
states, instead of the lattice parameter of the graphene.
The penetration depth length ℓ is expected to be of or-
der of the lattice constant of the material which shows
topological phase transition.
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